Abstract. Let F q be a finite field of characteristic p = 2, 3. We give the number of irreducible polynomials
Introduction
Let p be a prime, let r, m, k a positive integers, and let F q denote the finite field with q = p r elements. The determination of the number N of irreducible polynomials
with k of the coefficients a 0 , . . . , a m−1 prescribed, is a difficult problem in general and has been a subject of study for a long time, see e.g. [5, p. 340] , where a short survey on recent results on this topic is given. For example, in the case of fixed a m−1 and a 0 the number N was obtained by Carlitz in [1] and later, elementarily, by Yucas in [16] . In this paper the following special cases are considered: (i) p = 2, a m−1 = 0, a m−3 = c, (ii) p = 2 or p = 3, a m−1 = c, a 1 = 0, with c a given element from F q . In these cases the problem of determining N is closely related to the problem of counting the number of rational points on the fibre products of certain super-singular elliptic curves and of certain Kloosterman curves over F q m . This problem can be tackled by using some properties of Kloosterman sums and cubic exponential sums, properties of Dickson polynomials, and the well-known (see e.g. [13, 14, 7] ) weight distributions of the dual of the binary two-error-correcting BCH code of length q − 1 and of the binary and ternary Melas codes of length q − 1. This approach enables us to give N explicitely for any m in case (i) and for m = 1, . . . , 10 in case (ii).
The rest of this note is organized as follows. In Section 2 we first recall some basic properties of Dickson polynomials and then a formula expressing the number of rational points on certain Artin-Schreier curves in terms of exponential sums is derived. That formula is used in Section 3 to get explicitely the number of rational points on the fibre product of certain super-singular elliptic curves, and finally, in Section 4, the number N of irreducible polynomials is determined by connecting it to the number of rational points on the curves studied in Sections 2 and 3.
Preliminaries
In this section some notations are fixed, a result concerning the point counting on fibre products of certain Artin-Schreier curves is established, and some results from [8, 10, 11] are recalled.
Let Tr an tr denote the trace functions from F q m onto F p and F q , respectively. Let ω be a complex number, and let
denote the Dickson polynomial of the first kind of degree m with parameter ω. We shall need the following two fundamental properties of Dickson polynomials:
Next we consider point counting on fibre products of Artin-Schreier curves. Let L be a F p -subspace of the rational function field F q m (x) with a basis {f 1 , . . . , f n } ⊂ F q m (x) \ F q , and assume that the multiplicities of poles of the non-zero elements of L are not divisible by p.
, and let
Let e be the canonical additive character of F q m .
Proposition 1 ([11, Theorem 8])
. The number N m of rational places of F m is given by
where S f is the set of rational places of F f,m lying above P ∞ , and P f is the set of poles of f (x) in F q m .
In [11] Proposition 1 was applied to the fibre product L m of Kloosterman curves defined by
for fixed a, b ∈ F q with a = b. Theorem 1 below will cover a more general situation. To state the result we fix some notations: let a, b ∈ F q , a = b, let β ∈ F q m , and let d = −1 or d = 3. In addition, if d = 3 we assume p = 3.
Let
and for u, v = 0 in the subfield F q denote
where z runs over F * q m or F q m according as d equals −1 or 3, respectively. Moreover,
where u runs over F * q or F q according as d equals −1 or 3, respectively. Proof. Let {u 1 , . . . , u r } be a basis of F q over F p . It follows by Proposition 1.2 and by the proof of Proposition 1.1 in [6] that
It follows that the elements f 1 (x), . . . , g r (x) are linearly independent over F p and, moreover, representation (3) is unique.
Since the mapping (u, v) → (u + v, au + bv) is linear and invertible, it is a permutation of F q 2 \ {0}, and therefore each non-zero f (x) ∈ F q (x) is of the form
and the claim follows now by noting that the inner sum equals zero if v = 0.
Assume next that d = −1. Proposition 1 now implies that
e(vβ)
where S u,v,β is the set of rational places of
lying above P ∞ , and P u,v is the set of poles of Assume tr(β) = 0. Now, by (4) and (5), we get
Assume finally that tr(β) = 0. By (4) and (5) we now have
where χ is the canonical additive character of F q , and the claim follows.
By the following result we see that in order to count N m,d (β) it is enough to count 
we have in all cases
Now, by the substitution z → u −1 z we get
and since the map u → vu −d is a permutation of F q we obtain
where S equals q − 1 or −1 according as tr(β) is or is not zero, respectively, and the claim follows now easily.
, by [9, Thm.5.46], the claim follows now by Theorem 1 and equation (1) .
If q is a power of two or three we can count N m,−1 up to the evaluation of Kronecker class numbers: Lemma 7] ). Let p = 2 or p = 3, and let q = p r with r ≥ 2.
where H(d) is the Kronecker class number of d, and
In the case where q is unbounded power of two or three we are still able to give the N m,−1 provided that m is relatively small: 
r , and
Remark 1. As noted in [11, Remarks 3 and 5] we may formulate the differences of values of Ramanujan's tau-functions in the following way:
3. The number of rational places of L m,3,β
In order to count N m,3 (β) we need the following three results.
Proof. By Weil's theorem (see e.g. [9, Thm.5 .36]) we know that there exist complex numbers ω and ν satisfying |ω| = |ν| = √ q and
3 (u, v) is real and it follows that ν =ω. Now, by (2)
and therefore
Proposition 4. Let q = 2 r . The value distribution of S 3 (u, v) is given by
where S 3 (u, v) is attained # times as (u, v) varies over F The claim follows now by the weight distribution of B ⊥ (see e.g [13] ) and by the following two facts which are easy to verify:
(
We rephrase a result by Carlitz [2] in the following form.
r , γ be a primitive element F q , and let v ∈ F * q . If r is even, then
and each value is attained at least once as u varies over F q . Moreover,
Now we have all the tools in order to establish the main result of this section:
Theorem 2. Let q = 2 r , let β ∈ F q m , and let c = tr(β). If r is odd, the number N m,3 of rational places of L m,3,0 is given by
If r is even, N m,3 is given by
If r is even and c = 0, the number N m,3 (β) of rational places of L m,3,β is given by
where s = r/2.
Proof. Assume first that r is odd. Now, By Theorem 1, Lemma 1, and Proposition 4 we obtain
We note that above the q − 1 zeros of S 3 (u, v) corresponding the pairs (u, 0), u = 0, are excluded. By (1) we see that D m (± √ 2q, q) = 2(±q) m cos( 
By the substitution x → γ −j x we have
We observe that
and we now get
Consider each sum S i above separately. Clearly, S 1 = (S 3 (0, c) − 1)/3, and by Proposition 5
We apply the argument used with the sum S * above to the opposite direction to get
By Proposition 5 we know that the sum S 3 (u, v) gets exactly the values 0, ±2 √ q when v ∈ γ 3 . By Lemma 1 and Proposition 4 we obtain
qD m (0, q) .
m/2 if m is even. All in all,
Consider finally S 4 . Now
and by Proposition 5 the value set of S 3 (u, v) is {± √ q}. Again, by Lemma 1 and Proposition 4, we get
By (1) D m (± √ q, q) equals 2q m/2 , ±q m/2 , −q m/2 , and ∓2q m/2 when m ≡ 0, ±1, ±2, and 3 (mod 6), respectively. Hence, we get
By collecting all the calculations we obtain the claimed result.
Enumeration of irreducible polynomials with prescribed coefficients
In this section we calculate the number of irreducible polynomials over F q in the cases (i) and (ii) of the Introduction. The method we use here is a modification of the method introduced in [12] (see also [4, 3] ). Roughly speaking, the method involves two steps: first, count the number of all the elements of F q m with prescribed traces, and then, by using Möbius inversion, count the number of elements of degree m with prescribed coefficients. From now on we assume that p = 2 or p = 3.
Elements of degree
Proof. Let χ be the canonical additive character of F q . Now
where the last equality follows by the definition of S d (u, v). The claim follows now by Theorem 1.
Next we shall count the number of elements z in F q m of degree m satisfying tr(z) = 0 and tr(z d ) = c.
We shall need the following well-known formula for the number of all irreducible polynomials (see e.g. Let n be a positive factor of m, and let tr n : F q n → F q denote the relative trace function. Clearly, for every z ∈ F q n we have tr(z) = m n tr n (z) and therefore
where
. By Möbius inversion, see e.g. [9, Thm.3 .24], we get
By Lemma 2 we now get the following theorem.
Theorem 3. Let m = p k s with coprime p and s. Then
Assume next that c = 0, and let n be a positive factor of m. Now, for each z ∈ F q n , we have that Since n/m = 1 or n/m = ±1 according as p equals 2 or 3, respectively, we see that
Now, by Möbius inversion and Lemma 2 we get
Theorem 4. Let m = p k s with p and s coprime, let c ∈ F * q , and let α ∈ F q m satisfying tr(α) = 1. Then
where ( moreover, if r is even and c = 0 then
